I. INTRODUCTION
The Rydberg states of few-electron atomic systems were investigated extensively from the mid1980s to 1990s [1] [2] [3] [4] [5] [6] . According to the theory of Kelsey and Spruch [7, 8] , experimental and theoretical studies on high-(n, L) states can test the Casimir-Polder effect, where n and L are, respectively, the principal and angular momentum quantum numbers of the Rydberg electron.
The systems that have been studied include helium and lithium with one electron being excited to a high-(n, L) state. A series of precision measurements were performed by Hessels et al. [9] [10] [11] [12] [13] on Rydberg states of helium using microwave spectroscopy. Hessels et al. [14, 15] also did the radiofrequency measurements on lithium Rydberg states. On the theoretical side, a substantial work on Rydberg states of helium was carried out independently by Drake [1] [2] [3] and by Drachman [5] around the same period of time using the quantum mechanical perturbation method and the optical potential method, including relativistic and quantum electrodynamic (QED) effects. These methods are equivalent in nature and embody the picture of long-range interaction. A recent extension to higher angular momentum states of helium was done by El-Wazni and Drake [16] .
Bhatia and Drachman [17] [18] [19] also calculated relativistic and QED effects in the Rydberg states of lithium. Later, Woods and Lundeen [20, 21] extended Drake and Drachman's work to more complex atoms, which allows for a high-L Rydberg atom to have nonzero core angular momentum, for the purpose of modeling the effective potential and thus extracting core properties experimentally.
Very recently, a new exotic Rydberg atom H −+ , which consists of a Rydberg positron e + attached to the ground state H − , was detected in the laboratory by Storry et al. [22] . Since these Rydberg states are embedded in the Ps+H continuum, they are in fact resonant states [23] . It is therefore interesting to do theoretical calculation on these states and explore the spectrum of H −+ .
The main purpose of this paper is to present a complete calculation of nonrelativistic Rydberg energy levels using the standard perturbation method up to the order of x −10 , where x stands for the distance of the Rydberg particle relative to the core, and to compare our results with the work of Drake [2] and Drachman [5] . We find that there are several terms of order x −10 missing in the work of Drake [2] and Drachman [5] . We also confirm a discrepancy that exists between Drake [2] and Drachman's [5] calculations. As a benchmark for future reference, we tabulate numerical values for the nonrelativistic energy levels of helium in various Rydberg states.
II. THEORY AND METHOD

A. The Hamiltonian
Consider an atomic or molecular system that consists of n+2 charged particles. The Hamiltonian of the system (in a.u.) is
where R i is the position vector of the ith particle relative to the origin of a laboratory frame, with 0 ≤ i ≤ n + 1, m i its mass, and q i its charge. We assume that the (n + 1)th particle is far away from the "core", which is made up of the remaining n + 1 particles. We also take the 0th particle as a reference one. In reality, it could be the nucleus. In order to eliminate the center of mass degree of freedom for the whole system, we make the following coordinate transformations [24] :
r i = R i − R 0 , i = 1, 2, . . . , n
where M T = n+1 j=0 m j is the total mass of the whole system, and M C = n j=0 m j the total mass of the core. From the above expressions, we can see that X represents the position vector of the center of mass of the whole system, r i is the position vector of ithe particle in the core relative to the reference particle, and r n+1 is the position vector of the Rydberg particle relative to the center of mass of the core. Thus, we have established a one to one transformation between the set (R 0 , R 1 , R 2 , . . . , R n , R n+1 ) and the set (X, r 1 , r 2 , . . . , r n , r n+1 ). The corresponding differential operators transform according to
where ∇ i ≡ ∇ r i and ∇ n+1 ≡ ∇ r n+1 . After some simplification, the Hamiltonian (1) can be rewritten in the form
where r ij = r i −r j is the relative position between two core particles i and j, µ i =
is the reduced mass of ith electron in the core with the reference particle 0, and
is the reduce mass of the Rydberg particle relative to the core. Since H does not contain X, X is a cyclic coordinate and thus can be ignored. Furthermore, the last two terms of (8) may be combined by introducing
i.e.,
The Hamiltonian can thus be partitioned into the form
where
with q x ≡ q n+1 , x ≡ r n+1 , and q c ≡ n j=0 q j being the total charge of the core. In (11), R ∞ is the Rydberg constant and 2R ∞ represents the atomic units of energy expressed in cm −1 . It is clear that H c is the Hamiltonian of the core [24] , H x the Hamiltonian of the Rydberg particle in the field of point charge q c , and V cx the interaction potential energy between the core and the Rydberg particle.
For a highly excited Rydberg particle, we may assume that |x| > | n j=1 ǫ ij r j | for 0 ≤ i ≤ n. Under this condition, we have
with d = n j=1 ǫ ij r j . Using the formula [24] Y ℓm (r) = 3 4π
with the understanding that
Thus we have
It is easy to see from (15) that the term with ℓ = 0 is 1/x and its corresponding term in V cx is q c q x /x, which cancels exactly with the second term in V cx . In other words, there is no monopole contribution to the interaction potential. Finally we obtain the following multipole expansion for the interaction potential energy V cx , where in each term the degree of freedom of the Rydberg particle is separated from the core coordinates
If we make the scaling transformation x → µ x x, we obtain the Hamiltonian
The above formulation is general for any system containing n + 2 charged particles. If the system under consideration is an atomic system with n + 1 electrons and one nucleus, we assume that the 0th particle (the reference particle) is the nucleus with its mass M and its nuclear charge Z. The Hamiltonian of the system becomes
where q 0 = Z, q i = −1 (1 ≤ i ≤ n), q x = −1, µ is the reduced mass of the electron relative to the nucleus, and µ x is the reduced mass of the Rydberg electron relative to the core mass M + nm e . In order to see the finite nuclear mass effect more clearly, we make the following scaling transformations:
The Hamiltonian (25) can thus be transformed to
where R M = µ me R ∞ and
From now on, we use the following unified expressions for h x and v cx
where a = µ x or µ x /µ, Z 1 = −q x q c with Z 1 > 0 in order to form a bound or quasi-bound Rydberg state,
and
denotes the irregular solid harmonics satisfying the Laplace equation ∇ 2 u ℓm (x) = 0. It should be mentioned that the Rydberg particle could be either an electron or positron, or any other charged particle.
B. Perturbation expansion
Second-Order Energy: General Expression
In (28), we can treat v cx as a perturbation to the unperturbed Hamiltonian H 0 = h c + h x , which is uncoupled. The eigenvalue equations for h c and h x are respectively
where the eigenvalue e nx only depends on the principal quantum number n x because of the hydrogenic nature of h x . The initial eigenstates for h c and h x are assumed to be
Thus
In this work, we only consider the case where φ 0 is in an S state, which results in the consequence that the first-order energy correction due to v cx is zero, i.e.,
The reason why (43) is valid is that there is no monopole term in the multipole expansion of v cx in (33).
The second-order energy correction can be calculated according to
and n represents a set of quantum numbers describing an intermediate eigenstate of H 0 , i.e.,
We first denote the excitation energies for the core and the Rydberg electron by
Considering the Rydberg particle is in a highly excited state, we make the following key assumption that [2] 
In the above we have implicitly assumed that δε nc (L c ) = 0. Now we can perform the following
Substituting (52) into (45) yields
where we have applied the eigenvalue equation (37) 
with the definition of h s ≡ h x − e n 0 operating on the Rydberg electron. Now the second-order energy correction (44) becomes
Substituting (33) into (55) and using the Wigner-Eckart theorem for the matrix element T ℓm
we arrive at
where C Lc is defined in (34). It is noted here that L c ≥ 1 in (57), as indicated in (33). Similarly,
Substituting (57) and (58) into (55) leads to the final expression for ∆E 2
In the above w (2) i (L c ) is the quantity that describes the Rydberg particle and is given by
where the operatorÛ i (ℓ) is defined bŷ
It is seen thatÛ i (ℓ) is an Hermitian operator. In obtaining (59), the following two relations have been used, namely, the closure relation
It would be convenient to define the 2 Lc -pole "generalized polarizability" for the state of the S-
In fact for the first few values of i, we have
as defined by Drake [2] up to i = 3. We therefore have the final expression for the second-order energy correction
Second-Order Energy: Calculations
Consider w
0 (L c ) first. Using the formula
we have
analytical expressions for x −s n 0 L 0 with s up to 16 are given explicitly by Drake and Swainson [25] .
Thus the result for i = 0 is
For the case of i = 1, we first notice that
where we have used the property that u * LcMc = (−1) Mc u Lc−Mc , as well as the fact that any summation above will be the same when switching M c to −M c . Therefore, the w (2) 1 (L c ) can be recast into
where we have ignored the subscript x in ∇ 2 . Since u ℓm (x) is a harmonic function, it satisfies the Laplace equation ∇ 2 u ℓm = 0. It is therefore straightforward to show the following operator
Furthermore, using the following two formulas [26] 
where Y JℓM (x) is the vector spherical harmonics, we arrive at
Finally the corresponding energy correction for given i = 1 and L c is
Now we consider the general case where i is an arbitrary positive integer. We first consider the following expression
Noting that
where L 2 is the angular momentum squared, we arrive at
In the above, h r (ℓ) is defined by
acting only on the radial function f (x). The repeated use of (89) yields
It is seen that the operator h s , when applying to f (x)Y ℓm (x), only changes the radial part, not the angular part.
Let the wave function of the Rydberg electron be
Then we have
Note that
where the notation (ℓ 1 , ℓ 2 , . . .) ≡ (2ℓ 1 + 1)(2ℓ 2 + 1) . . ., and
The sum over M c and ω 1 in w (2) i (L c ) can then be performed according to
With all these above, we finally have
In (97) after the application of h i r (Ω 1 ) on
, we need to evaluate the following type of integral:
where s is a positive integer and
We start by applying the Hamiltonian (88) to the wave function of the Rydberg electron
resulting in the following equation:
Performing d n dx n on the above equation, expanding the derivatives of products by using the Leibniz formula, and finally integrating
The above recursion relation shows that, in order to calculate J(s, n), one needs to know J(s ′ , m)
and J(s, 1) that can be evaluated as follows.
In the above, the surface term vanishes at ∞ because R n 0 L 0 (x) decays to zero exponentially; it
It is advantageous to transform e j n 0 x −s n 0 L 0 into a series of x −s ′ n 0 L 0 . This can be done by using the so-called hypervirial theorem [5] :
We note that
It is a straightforward matter to find that
Substituting the above into (105), the hypervirial theorem (103) reads
The second-order derivative operator above can be replaced by
After putting it back into (108) and then using
The term e j n 0 x −s n 0 L 0 can be calculated by repeated use of (110).
With the above preparations, we are now in a position to evaluate w 2 (L c ) we have
In the following, we list some special values of the second-order energy corrections. For δe 2 (2, L c )
For δe 2 (3, L c ), we have
For δe 2 (5, L c ), we have
For δe 2 (6, L c ), we have
Third-Order Energy
The third-order energy correction can be calculated according to
where Ψ 1 is defined in (45) and further expanded in (53). In the above we have used the fact that ∆E 1 = 0 (see (43)). Using the similar procedure towards (59) leads to the final expression for ∆E 3 :
where the quantity w
and the quantity relevant to the Rydberg electron w
The above expression can be simplified by integrating over the angular coordinates. Since
the product of the two spherical harmonic functions Y * LcMc (x) and Y L 0 M 0 (x) can be reduced to a single one Y * Ω 1 ω 1 (x) according to (94). Then using (91) one obtains
where on the right-hand-side, h i r (Ω 1 ) is understood to operate on all radial functions contained in the square brackets. Furthermore, the product of Y * ℓm (x) and Y *
The application of (91) again yields
The last step is the integration over dΩ in (129) for the product of three remaining spherical
, and Y Ω 2 ω 2 (x), which can be performed using (95). We therefore arrive at
where the angular coefficient G (3) is given by
The above angular coefficient G (3) (Ω 1 , Ω 2 ) can further be simplified using the graphical method of angular momentum [27] :
We finally obtain the following expression:
From the selection rule of the 3 − j symbol, it is seen that
with the lowest value of 4. The correction ∆E 3 may thus be expressed in the form
It is easy to show that
by noting that w
) and all reduced matrix elements are real. Thus we can write the third-order energy correction as
We can similarly obtain δe 3 (i, j; s) for given i, j, and s, which are listed below: 
c (2, 0; 1, 2, 1)
c (2, 0; 1, 1, 2)
δe 3 (2, 0; 6) = −q 
c (2, 0; 1, 2, 3)
c (2, 0; 1, 3, 2)
c (2, 0; 2, 1, 3)
c (2, 0; 2, 2, 2)
c (2, 0; 2, 3, 1)
c (2, 0; 3, 1, 2) 
δe 3 (4, 0; 4) = −q 
Fourth-Order Energy
The fourth-order energy correction can be evaluated according to
In the above we have applied again the condition ∆E 1 = 0; also, |Ψ 1 is the first-order wave function correction given by
and |Ψ 2 is the second-order correction
We focus on ∆E (1) 4 first. Substituting (159) and (160) into (157) yields
We first perform the following expansions according to (52)
It should be pointed out that in making the above expansions, the necessary condition for these expansions to be valid is that the excitation energies δε nc p (L cp ) = 0 for p = 1, 2, 3. However, it is 
where the first term is for the case of δε nc 2 (L c 2 ) = 0, and the second term for δε nc 2 (L c 2 ) = 0. We deal with ∆E 
In the above, the quantity describing the core w (4) c is defined by
where n * c 2 indicates that the intermediate spectrum {φ nc 2 Lc 2 Mc 2 } should exclude the ground state of the core φ 0 . It is easy to see that w (4) c has the following symmetry:
The quantity describing the Rydberg electron w (4) ijk is defined by
One can further simplify w (4) ijk by applying similar steps leading to (132), arriving at
with G (4) being defined by
The use of the graphical method of angular momentum leads to [27] 
We finally have
From the four 3 − j symbols in (177) one can see that L c 1 + ℓ 1 + ℓ 2 + L c 3 must be even with the lowest value of 4. We thus rewrite ∆E (1) 4a in the form
We now list δe 4 (i, j, k; s) below up to the order of x −10 n 0 L 0 , where the symmetry condition (172) is applied: 
Let us consider Ψ 1 |Ψ 1 in (158), which can be expressed in the form
and using the expansion of 1/(E 0 − E n ) in (52), Ψ 1 |Ψ 1 can be reduced to
where α(i+j +1, L c ) and w (2) i+j (L c ) are defined in (64) and (60) respectively. Since Ψ 1 |Ψ 1 depends on i and j through i + j, we can apply the following transformation
to (188) resulting in
Comparing to (73) one can see that Ψ 1 |Ψ 1 has the same expression as ∆E 2 , provided that
Thus if we set
according to (76), (85), and (111), we have the following specific expressions:
Using these results, one obtains the following correction of (158) up to order O(x −10 )
Finally we consider ∆E (1) 4b in (169), which corresponds to the case of φ nc 2 Lc 2 Mc 2 = φ 0 and thus E 0 − E k ′ = −δe nx 2 = −(e nx 2 − e n 0 ) in (161). After evaluating relevant matrix elements of v cx , we obtain the following expression
where α(i, L c ) is the 2 Lc -pole "generalized polarizability" defined in (64) and
withĜ(n 0 ) being the reduced Schrödinger-Coulomb Green function defined in [28, 29] 
It should be mentioned that in (198), the sum is over all states, including the continuum, with e nx 2 = e n 0 . By taking the complex conjugate of
and noting that it is real, one arrives at the following relation
Using (75) one can see that
In general, W g can further be recast into
andÛ i (ℓ) is defined in (61). The above defined |g k (L c 3 ) may be interpreted as the first-order wave function "correction" due to the "perturbation" −Û k (L c 3 ), thus satisfying the following equation
This equation can be considered as the reduction formula for h s acting on |g k (L c 3 ) , where the right-hand-side of (204) does not involve the Green function.
Next consider the following case
In order to simply the above expression, we try to move h s to act on |g k (L c 3 ) directly so that (204) can be applied. Since
according to (81), we have
In the above, we have performed an integration by parts and applied ∇ 2 u ℓm = 0 and 2∇u ℓm ·∇u * ℓm = ∇ 2 (u ℓm u * ℓm ). On the other hand, using
and noting that χ n 0 L 0 M 0 |h s = 0, we have
after performing an integration by parts. Furthermore, it is easy to verify that
according to (83). Therefore, by adding (207) and (209) and using the formula m u ℓm u * ℓm = x −2ℓ−2 (2ℓ + 1)/(4π) we arrive at
where (204) has been used. Consider the case of k = 0. Sincê
we have the following expression
It is noted that W g (1, k; L c 1 , L c 3 ) in (211) can further be expressed according to
and w
ij is real, it is seen that w
ji (ℓ ′ , ℓ). Applying a similar procedure leading to (135), we arrive at
We list some special values for w (4) ij (ℓ, ℓ ′ ) below:
Finally, we evaluate
In the above expression, the first term on the right-hand-side can be neglected because it contributes terms of order x −11 n 0 L 0 and below. The second term can be simplified by applying (204)
where (60) and (216) have been used. Therefore the final result for ∆E (1) 4b , accurate to x −10 n 0 L 0 , is
In the above, we have neglected S 4,4 (n 0 , L 0 ) and S 6,2 (n 0 , L 0 ). Substituting (233) and (195) into (169) and (156), we finally arrive at the following expression for the total fourth-order energy correction ∆E 4 = ∆E
where ∆E (1) 4a is given by (178). For the fifth-order correction ∆E 5 , it contributes terms of O(x −11 ) and smaller and can thus be neglected.
Finally let us discuss a scaling property of S i,j (n 0 , L 0 ) defined in (201), which was calculated by Swainson and Drake in [28] using h ′ x = −∇ 2 r /2 − 1/r as the Rydberg electron Hamiltonian. It can also be calculated using equation (6.1.12) in [29] where an extra factor of 2 needs to be applied because of the units used. Our Hamiltonian h x = a(−∇ 2 x /2 − Z 1 /x), however, can be transformed into h ′ x by letting r = Z 1 x, i.e., h x = aZ 2 1 h ′ x . Since
by applying the definition ofĜ(n 0 ) in (198), we then have the corresponding transformation
is the one calculated in [28] .
III. RESULTS AND DISCUSSION
After collecting all terms up to x −10 n 0 L 0 , the second-order correction △E 2 can be expressed as follows
where we have moved the q x -related factor to the left hand side. It should be noted that the last term in the above expression of △E 2 is absent in both Drake's [2] and Drachman's [5] formulas.
The third-order correction △E 3 reads 
It should be noted again that all the x −10 n 0 L 0 terms above are entirely missing in the works of Drake [2] and Drachman [5] .
The finite nuclear mass effect is fully considered in our derivation of expressions ∆E 2 , ∆E 3 , and ∆E 4 either explicitly through the parameter a = µ x /µ or implicitly through the nuclear mass related parameters, such as in T ℓm (r 1 , r 2 , . . . , r n ) defined by (19) . It is possible to express the total energy as a sum of the 0th-order energy and a series expansion of corrections in powers of y = µ/M . For a helium-like system, we have 
in 2R M . In the above, 
M , and ε denote, respectively, the contributions involving S ′ 2,2 (n 0 , L 0 ) and S ′ 2,4 (n 0 , L 0 ). In these tables, we keep 10 significant figures for all the numbers. Our results could serve as a benchmark for future reference.
In summary, we have presented a complete calculation for the nonrelativistic energy levels of a Rydberg atom up to the order of x −10 n 0 L 0 . We have also corrected the existing errors in the literature and recovered various missing terms from the previous works. It is desirable to revisit relativistic and quantum electrodynamic corrections [1, 2, 5] to the nonrelativistic energies so that a meaningful comparison with experimental measurements can be made. Work along this direction is currently underway. 
M and its components for L 0 = 8 to 15 and n 0 = L 0 + 1 to 16, in 2R M . Numbers in square brackets denote powers of 10.
